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Abstract
Many problems in multiagent learning involve repeated play.
As such, naive application of Nash equilibrium concepts
are often inappropriate. A recent algorithm in the literature
(Stimpson & Goodrich 2003) uses a Nash bargaining perspective instead of a Nash equilibrium perspective, and learns
to cooperate in self play in a social dilemma without exposing
itself to being exploited by selfish agents. It does so without
knowledge of the game or the actions of other agents. In this
paper, we show that this algorithm likely converges to near
pareto efficient solutions in self play in most nonzero-sum nagent, m-action matrix games provided that parameters are
set appropriately. Furthermore, we present a tremble based
extension of this algorithm and show that it is guaranteed to
play near pareto efficient solutions arbitrarily high percentages of the time in self play for the same large class of matrix
games while allowing adaptation to changing environments.

Introduction
Many applications in which multiagent learning can be applied require agents to cooperate with and adapt to each
other on an ongoing basis. Thus, inherently, multiagent
learning involves repeated play. This suggests that in many
applications, the Nash equilibrium perspective should be
replaced by a Nash bargaining perspective (Nash 1950;
1951), since learning a one-shot best-response (locally optimal) solution is not always desirable when agents interact
repeatedly. It is, therefore, important that multiagent learning algorithms be developed that learn bargaining-like solutions. This entails that the algorithms learn to play pareto
efficient or near pareto efficient solutions high percentages
of the time when it is feasible, and have a solid fallback position when it is not. Such an approach also dictates that
solutions be “fair.”1
Many real-world applications require agents to learn in
non-stationary environments where only partial information
about the world and/or other agents is available. This dictates that, in addition to learning near pareto efficient solutions, multiagent learning algorithms should require minimal knowledge/information and be able to adapt to changes
in the environment and other learning agents. Moreover, the
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1
We discuss the way that we use the term fair later in the paper.

solutions learned should have stability or equilibrium characteristics.
In this paper, we discuss a multiagent learning algorithm
(which we call the S-Algorithm) presented by Stimpson and
Goodrich (2003) that uses satisficing. Stimpson showed how
the S-Algorithm in a multiagent social dilemma (MASD)2
successfully learns pareto efficient solutions with high probability in self play while avoiding being exploited by selfish
agents. This result is made more significant since the algorithm requires no knowledge of the structure of the game or
the actions of other agents. We show that this algorithm is
applicable not only in the MASD but also in most nonzerosum repeated play matrix games.
Additionally, we introduce a trembled based extension of
the S-Algorithm. This extension of the algorithm, while
maintaining the S-Algorithms minimal knowledge requirements, allows agents to adapt to changing environments.
Also, it allows agents to play mixed-strategy solutions over
time.

Related Literature
To date, most multiagent learning algorithms have focused
on converging to Nash equilibrium and best response strategies. Various algorithms have been shown to reach the Nash
equilibrium with various degrees of success. Examples include (Littman 1994; Fudenberg & Levine 1998; Bowling
& Veloso 2001; Conitzer & Sandholm 2003). While learning to play Nash equilibrium solutions is effective in some
games, it is not always successful in other games such as social dilemmas since the Nash equilibrium is not guaranteed
to be pareto efficient.
In response, Littman and Stone (2001) developed a
“leader” algorithm that teaches a class of best-response
agents to learn to play pareto efficient solutions in two-agent
repeated play games. Although their algorithm does not necessarily work in self play, they concluded from their results
that best response approaches are not always sufficient in
multiagent contexts. They extended their work (Littman &
Stone 2003) by developing the concept of a repeated play
Nash equilibrium and a method to compute it. Their algorithm, however, requires full knowledge of the structure of
2
The MASD is equivalent to public goods games (Camerer
2003).

the game and observability of the actions of the other agent.

Terms and Definitions
Before proceeding, we provide some terms and definitions
that we use in this paper. The set of actions that agent i can
choose from is denoted by Ai . Let a = (a1 , a2 , . . . , an )T ,
where ai ∈ Ai , be a joint action for n agents, and let A =
A1 × · · · × An be the set of joint actions of the agents. Let
ati ∈ Ai denote the action played by agent i at time t, and
let at = (at1 , at2 , . . . , atn )T be the vector denoting the joint
action played by the n agents at time t. The payoff received
by agent i as a result of the joint action a being played is
given by ui (a).
A strategy for agent i is a distribution πi over its action
set Ai . Such a strategy may be a pure strategy (where all
probability is placed on a single action) or a mixed strategy
(otherwise). The joint strategy played by the n agents is π =
(π1 , π2 , . . . , πn )T and, thus, ui (π) is the expected payoff for
agent i when the joint strategy π is played. A solution is a
particular joint strategy.
Definition 1 - Pareto Dominated A solution π is strictly
pareto dominated if there exists a joint action a ∈ A for
which ui (a) > ui (π) for all i and weakly pareto dominated
if there exists a joint action a ∈ A for which ui (a) ≥ ui (π)
for all i.
Definition 2 - Pareto Efficient A solution π is weakly
pareto efficient (PE) if it is not strictly pareto dominated and
strictly PE if it is not weakly pareto dominated. Unless specified, the former (i.e. weakly PE) terminology is implied.
Pareto efficiency should be a main goal of an agent who is
involved in repeated play. However, it is sometimes difficult
and impractical to guarantee. We relax this goal slightly by
seeking near pareto efficiency.
Definition 3 - ε-Pareto Dominated A solution π is
strictly ε-pareto dominated if there exists a joint action
a ∈ A for which ui (a) > ui (π) + ε for all i and weakly
ε-pareto dominated if there exists a joint action a ∈ A for
which ui (a) ≥ ui (π) + ε for all i.
Definition 4 - ε-Pareto Efficient A solution π is weakly
ε-pareto efficient (ε-PE) if it is not strictly ε-pareto dominated and strictly ε-PE if it is not weakly ε-pareto dominated. The former (i.e. weakly ε-PE) terminology is implied
unless specified otherwise.
We now give names to various regions of the reward space
of n agents. Let Rn denote the real-valued reward space. Let
D be the subset of Rn that is weakly pareto dominated. Let
P = Rn − D. That is, P is the subset of Rn that is strictly
PE. Also, let Dε be the subset of Rn that is strictly ε-pareto
dominated. Finally, let Pε = D − Dε .
The pareto boundary divides set D from set P in the payoff space Rn of the game. If a vector v ∈ D, then v is said
to be below the pareto boundary. If v ∈ P , v is said to be
above the pareto boundary. Likewise, the ε-pareto boundary
divides set Dε from set Pε . If a vector v ∈ Dε or v ∈ Pε ,
then v is said to be below or above the ε-pareto boundary
respectively.
Figure 1 shows (graphically) some of the above-defined
terms for an arbitrary 3 × 3 matrix game with ε = 0.5. The

Figure 1: Diagram of the regions P , P , and D in the payoff
space Rn for an arbitrary 3 × 3 matrix game with ε = 0.5.
x’s depict the payoffs of the game.
It is also important to understand the way we use terms associated with satisficing. Let αit be agent i’s aspiration level
at time t, and let αt = (α1t , . . . , αnt ) be the joint aspirations
of the agents at time t. A solution π is satisficing to agent
i if ui (π) ≥ αit . Likewise, an agent is satisfied if the most
recently played joint action was satisficing to it. A solution
π is mutually satisficing at time t if ui (π) ≥ αit for all i.
Let Sit be the set of solutions that are satisficing to agent i at
time t. Then, we have the mutually satisficing set (at time t)
S t = S1t ∩ S2t ∩ · · · ∩ Snt . The satisficing region is the region
in Rn defined by S t .
Nash bargaining is built on the concept of a fallback. In
this context, we define a fallback strategy as a strategy an
agent adopts when it is not satisfied with its payoffs. An
agent’s fallback position is the expected payoff associated
with the agent’s fallback strategy. The fallback position is
important in determining the “fairness” of a solution. Thus,
fallbacks are an important part of an agent’s strategy.

The S-Algorithm in Nonzero-Sum Matrix
Games
The S-Algorithm extends an algorithm developed by
Karandikar et al. (1998) that guarantees that agents will converge to a cooperative solution in a small set of two-agent,
two-action games. Stimpson and Goodrich (2003) extended
the algorithm to an n-player, m-action (n, m ≥ 2) multiagent social dilemma (MASD) and showed that it likely converges to a PE solution in this game. In this section we show
the S-Algorithm can be guaranteed to converge with arbitrarily high probability to ε-PE solutions in most nonzero-sum
games.
The S-Algorithm (shown in Table 1) uses an aspiration
relaxation search to find pareto efficient solutions. An agent
employing the S-Algorithm begins by setting its aspirations
high. Thereafter, it moves its aspirations closer to the reward
it receives at each iteration. If the agent is not satisfied with
the reward it receives on a given iteration, it plays randomly
on the subsequent iteration. If it is satisfied, it repeats the
action it played previously. An agent employing this algorithm requires only the knowledge of the actions it can take.
It does not need to know the actions of other agents or the
payoff structure of the game.

that initial aspirations P
must be above the pareto boundary.
Second, ∀i αi0 ≥ m1n a∈A ui (a), which means that each
agent’s initial aspiration must be at least as high as the
average of all the payoffs it can receive. Third, αi0 ≥
min ui (a), a ∈ Pε , which means that each agent’s initial
aspiration must be at least as high as the reward it would
receive if any pure strategy ε-PE solution were played.

1. Let λ ∈(0, 1] be a learning rate. Initialize,
sat = false
α0i = high
2. Repeat
t
(a) Select an action
( ai according to the following criteria:

ait−1
if (sat)
rand(Ai ) otherwise
where rand(Ai ) denotes a random selection from the set Ai .
(b) Receive reward
( rt and update:
true
if (rt ≥ αti )
i. sat ←
false otherwise
ii. Update aspiration level
ati ←

t+1
αi

←

t
λαi

+ (1 − λ)rt

Convergence to ε-PE solutions
(1)

Table 1: The S-Algorithm for agent i.

In this subsection, we give two theorems that apply to most
nonzero-sum matrix games. The first guarantees that the
S-Algorithm (in self-play) will converge (given appropriate
initial aspirations) with at least probability q to an ε-PE solution. The second shows that the probability q can be made
arbitrarily close to one by adjusting the learning rate (λ).
First, we provide a lemma that establishes a bound (δ) on
the maximum change that can occur in an agent’s aspirations
during a single time step. Such a result is useful because
it allows us to put a bound on the minimum (worst case)
amount of time Tp that only ε-PE solutions will be mutually
satisficing.
Lemma 1. There exists a δ that bounds the absolute change
in an agent’s aspirations from time t to time t + 1.

Figure 2: The payoff space of a 2-agent, 3-action game.
To better understand the S-Algorithm, consider Figure 2,
which shows the payoff space of a 2-agent, 3-action game
(shown with ε = 0.5). The payoffs to player 1 are plotted
as x-coordinates, and the payoffs to player 2 are plotted as
y-coordinates. In the figure, x’s indicate ε-PE solutions, +’s
indicate non-ε-PE solutions, and the circle (o) indicates the
the current aspirations of the agents. The gray rectangle is
the satisficing region. At the time shown in the figure, the
only solution in the satisficing region is ε-PE. Once the solution in the satisficing region is played, it will be played
every iteration thereafter. However, if it is not played by
the agents, aspirations are likely to relax until the satisficing
region contains a (pure strategy) solution that is not ε-PE,
which would make convergence to a non-ε-PE solution possible.
The S-Algorithm incorporates a fallback strategy that endorses exploration. When an agent is not satisfied, it resorts to playing randomly (exploring). While exploring, an
S-Algorithm agent modifies its aspirations (this allows compromise) until its aspirations are satisfied. In self-play, this
generally results in convergence to solutions quite related to
those Littman proposes (Littman & Stone 2003), but only in
the pure-strategy domain. Against non-negotiating agents,
the S-Algorithm eventually learns with high probability to
cease negotiations and “defect” as well.
Table 1 specifies only that initial aspirations should be
“high.” We make the follow assumptions on initial aspirations α0 = (α10 , . . . , αn0 ). First, α0 ∈ P , which means

Proof. The absolute change in an agent’s aspirations is
given by |αt+1 − αt |. The relationship between αt+1 and
αt is given in (1) and is the greatest when the difference between αt and rt is the greatest. This occurs when αt = h$
and rt = l$ , where h$ and l$ are the highest and lowest payoffs an agent can receive from the game. Plugging these
values into (1), we get αt+1 = λh$ + (1 − λ)l$ . Thus,
δ = |αt+1 − αt | = |(λh$ + (1 − λ)l$ ) − αt |. Substituting h$ for αt and simplifying, we have
δ = |(1 − λ)(l$ − h$ )| = (1 − λ)(h$ − l$ ).

(2)

Since λ can be set to any value between 0 and 1, Equation (2) indicates that δ can be made as small as needed.
Thus, λ can be set to guarantee that only ε-PE solutions will
be mutually satisficing for at least a minimum amount of
time Tp .
Lemma 2. The minimum (worst case) amount of time Tp
that only ε-PE solutions will be mutually satisficing is given
by
ε
(3)
Tp ≥ .
δ
Proof. Since all solutions within ε of the pareto boundary
are ε-PE, the bound follows trivially from Lemma 1.
We note that h$ and l$ may not be known. When this
is the case, these values can be determined (at least with
high probability) during an exploratory period at the beginning of play. The necessary length of the exploratory period
depends on the number of agents n and the number of actions m in the game. To assure that this exploratory period

Figure 3: Example of a problematic game for the SAlgorithm. The aspiration trail (*’s), the pareto boundary
(solid lines) and the ε-pareto boundary (doted lines) are also
shown.
does not interfere with the time steps of Tp , initial aspirations should be set sufficiently above the pareto boundary.
We leave further exploration of this subject to future work.
In order to show that the S-Algorithm will converge to an
ε-PE solution with at least probability q, it must be shown
that a solution in the satisficing region may be played with
some nonzero probability during some subset of the time
steps of Tp . This, however, cannot be achieved for every
nonzero-sum matrix games as demonstrated by the game
shown in Figure 3. In the figure, solutions of the matrix
game are marked with x’s and o’s. The aspiration trail is
shown by *’s. In this game, agent 1 can select between the
actions x and o. If agent 1 selects action x, then one of
the solutions marked x will be played. If agent 1 plays o,
then one of the actions marked o will be played. If aspirations begin above the pareto boundary as shown, once agent
1 plays action o, it will always be satisfied with the payoffs it
receives (and, thus, will continue to play action o), independent of what agent 2 does. Since none of the “o” solutions
are ε-PE (if ε < 1), an ε-PE solution will never be played.
Thus, we cannot guarantee that the S-Algorithm will converge to an ε-PE solution in this game.
Below we give a lemma that bounds the minimum number of time steps T that a) only ε-PE solutions are mutually
satisficing and b) one of these mutually satisficing solutions
has a nonzero probability of being played.
Lemma 3. Let ρ be the percentage of time steps of Tp that a
mutually satisficing ε-PE solution has a nonzero probability
of being played while αt = (α1t , . . . , αnt ) ∈ Pε (i.e., the
aspirations of the agents are ε-PE but not PE). Then we have
T ≥

ρε
.
δ

(4)

Proof. This bound follows trivially from Lemma 2.
When ρ = 0, such as is posibble in games such as the
one shown in Figure 3, we possibly have a game in which
we can make no guarantee about the convergence of the SAlgorithm (in self play) to an ε-PE solution. This generally

occurs when an agent has an action that always yields a constant, relatively high (non-ε-PE) payoff regardless of the actions taken by other agents playing the game. Additionally,
seemingly uninteresting (rare) games may include cycles
which also may cause ρ to be zero. In general, the agents
still learn when ρ = 0 to play solutions that yield good payoffs (payoffs that are at least as high as their fallback positions). However, the solutions are not ε-PE, so agents could
do better by learning a different solution. Changing the initial aspiration vector changes whether these games have a ρ
greater than zero. All matrix games have initial joint aspiration vectors that cause ρ to be nonzero for some learning
rate λ.
Since we cannot guarantee an initial aspiration vector that
guarantees ρ > 0, we deal in this paper only with the large
class of non-zero sum games in which ρ > 0 for all legal
initial joint aspirations vectors, and leave analysis of the SAlgorithm in the other small class of non-zero sum games to
future work. The set of games in which ρ > 0 for all legal
inital joint aspirations vectors includes, among others, important games such as the prisoners’ dilemma, battle of the
sexes, and chicken. In these games, the learning rate λ can
be set such that the S-Algorithm (in self play) is guaranteed
to converge to an ε-PE solution with probability q. We state
and prove this below.
Theorem 1. In an n-agent, m-action3 repeated play game,
if α0 ∈ P , ρ > 0, and the bound on the learning rate (δ; see
Lemma 1) satisfies

ρε ln 1 − m1n
δ≤
,
ln(1 − pn )
then the S-Algorithm (in self play) is guaranteed to converge
to an ε-PE solution with at least probability q.
Proof. Three different things can happen. In case 1, we have
αt ∈ P for all t. This can only occur if the average payoffs
v = (v1 , v2 , . . . , vn )T , where vi is the average payoff (i.e.,
fallback position) of agent i, is such that v ∈ P . This means
that the mixed strategy solution caused by each agent playing its fallback is PE, so the S-Algorithm has converged to
a PE mixed strategy solution and we are finished. In case 2,
we have that α (the joint aspirations) falls below the pareto
boundary, but then rises above it again. If this happens, we
have case 1, unless α again falls below the pareto boundary
at some future time (in which case we have case 3). In case
3, α falls below the pareto boundary and stays there until
a mutually satisficing solution is found. It is with this case
that we are concerned.
As mentioned previously, there exists at least T ≥ ρε
δ
time steps for which a) only pure strategy solutions that are
ε-PE are mutually satisficing and b) the probability that one
of these solutions will be played (pp ) is nonzero. We cannot
be sure how many of such solutions are present, however, we
know that there is at least one. Therefore, at each time step
3
In many games, the number of actions is different for each
agent. We assume that the number of actions for each agent in the
game is the same. The proofs in this paper for games in which this
assumption does not hold follow trivially.

Chicken (Extended)
C
D
O

C
(1,1)
(3,-1)
(-0.25,0)

D
(-1,3)
(-5,-5)
(-0.5,0)

O
(0,-0.25)
(0,-0.5)
(0,0)

(a)

(b)

(c)

Figure 4: (a) Game matrix (b) Game’s payoff space (c) Relationship between λ and q
of T , pp ≥ m1n .4 From this it is straight-forward to observe
that the probability q 0 = 1 − q that an ε-PE solution will not
be chosen during the T time steps has an upper bound of

T
1
T
0
q = (1 − pp ) = 1 − n
.
m
Substituting T ≥

ρε
δ

and q 0 = 1 − q and solving for q yields

 ρε
δ
1
.
q ≥1− 1− n
m

Since all the variables are fixed on the right-hand side of the
equation except δ, the lower bound on q is determined by δ.
Solving for δ we have

ρε ln 1 − m1n
δ≤
.
(5)
ln(1 − q)
This means that for any nonzero-sum matrix game in which
ρ > 0, there exists a δ that bounds q.
Theorem 2. If ρ > 0, the probability q that the S-Algorithm
(in self play) converges to an ε-PE solution can be made
arbitrarily close to one by setting the learning rate λ appropriately.
Proof. The result follows trivially from (2) and (5), and
yields

ρε ln 1 − m1n
λ≥1−
.
(6)
ln(1 − q)(h$ − l$ )
Thus, q can be made arbitrarily close to one.
The above proofs serve to illustrate that the S-Algorithm
can be guaranteed to converge with arbitrarily high probability to ε-PE solutions in self play. Additionally, they show
that λ must approach one exponentially as n increases and
polynomially as m increases. However, the bounds they
establish (see Equations (5) and (6)) are tight bounds only
for a worst case game. They are quite pessimistic for many
other games. Depending on the game, various assumptions
4

n

Note that since m is the number of pure strategy solutions in
the game, pp ≥ m1n .

can be made to better approximate the relationship between
λ and q. First, for many practical games, the bound on δ
given in Theorem 3 can be replaced by the average estimate
δ = (1−λ)(h$ −fb), where fb is anPagent’s fallback position
and can be estimated as fb = m1n a∈A ui (a). Second, the
minimum distance γ from the pareto boundary to any nonε-PE solution is likely greater than ε (and never smaller).
Thus, if γ is known, it can be used in place of ε to tighten
the bound. Third, in most games, there is a high probability
pa that the S-Algorithm will settle on a ε-PE solution even
if it does not do so during the time interval T . A reasonable
modeling assumption is pa = 0.5. These assumptions yield
T

1
,
(7)
q = 1 − (1 − pa ) 1 − n
m
ργ
where T = (1−λ)(h
.
$ −fb)
The accuracy of (7) for a 2-agent, 3-action game of
chicken is shown in Figure 4. The matrix game, shown in
Figure 4(a), is the same as the traditional 2-action chicken
game except that agents can also “opt out” (O). Figure 4(c)
compares the relationship between λ and q as predicted by
(6) and (7) with the actual relationship obtained from empirical results. For the plots, we assumed ρ = 1. While the
theoretical bound from (6) calls for pessimistic values of λ
in many games, (7) gives a more reasonable estimate.

Discussion on the S-Algorithm
We showed in the previous subsection that the S-Algorithm,
in self play, converges to ε-PE solutions with high probability if parameters are set appropriately. Furthermore, it is
able to do so without knowledge of the game structure or the
actions of other agents. On the downside, the S-Algorithm
does not have the ability to adapt to changing environments.
This is because a changing environment means, essentially,
a new game, so the S-Algorithm must begin its aspirations
above the pareto boundary in order to be able to guarantee a
high probability of convergence to ε-PE solutions. Also, the
S-Algorithm generally only learns pure strategy solutions.

Satisficing with Trembles
Karandikar et al. (1998) offer an alteration to their algorithm
that incorporates trembles in aspirations. In their approach,

1. Let λ ∈(0, 1] be a learning rate and let η be the probability
of trembling. Initialize,
sat = false
α0i = random
2. Repeat
t
(a) Select an action
( ai according to the following criteria:

ait−1
if (sat)
rand(Ai ) otherwise
where rand(Ai ) denotes a random selection from the set Ai .
(b) Receive reward
( rt and update:
true
if (rt ≥ αti )
i. sat ←
false otherwise
ii. Update aspiration level
αt+1
← λαti + (1 − λ)rt
i
if 0 ≤ (rt − αt+1
) < φ, then, with probability η
i
t+1
t+1
αi
← αi
+β
ati ←

(8)

Table 2: The S-Algorithm with trembles (SAwT) for agent
i.
an agent’s aspirations are trembled according to some probability distribution function. By doing this, they showed that
agents played cooperatively most of the time regardless of
initial aspirations.
Thus, a natural extension of the S-Algorithm is to add
trembles in aspirations. This allows initial aspirations to be
anything (they do not have to be above the pareto boundary). Trembles in aspirations also help prevent premature
selection of local maxima and allow adaptation to changing environments, such as non-stationary worlds and those
with other learning agents. We call this algorithm the SAlgorithm with Trembles (SAwT).
The SAwT algorithm is shown in Table 2. Like the SAlgorithm, SAwT performs a relaxation search. However,
SAwT differs from the S-Algorithm in two ways. First, with
SAwT, aspirations may be initialized to any value.5 Second,
SAwT agent i trembles its aspirations with probability η only
when a) it is satisfied (i.e., (rt − αit+1 ) ≥ 0) and b) αit+1 is
close to rt (i.e., (rt −αit+1 ) < φ). This means that if φ6 and η
are quite small, trembles in aspirations will only (generally)
occur when agents are mutually satisfied (i.e., have settled
on a solution).
The variable β in (8) determines how much aspirations are
trembled. We only tremble aspirations upward, so β > 0.
Also, so that aspirations remain “reasonable,” αit+1 + β
should not be significantly greater than the maximum payoff an agent can receive. There are several ways to handle
this. In this paper, we always tremble aspirations to slightly
higher than the highest payoff an agent can receive (let this
value be h$ ).7
Since SAwT eliminates the need for high initial aspirations by trembling its aspirations upward periodically, it can
deal with changing environments as long as aspirations are
5
A good way of doing this in practice is to set aspirations to just
slightly higher than the first payoff received.
6
For the results in this paper, φ = 0.01
7
Making h$ slightly higher than the highest payoff received is
done to avoid premature convergence.

trembled above the pareto boundary. Since SAwT trembles
its aspirations to the highest payoff it has seen so far, it will
tremble its aspirations so that the joint aspirations of the
agents will be above the pareto boundary as long as it has
seen at some point the highest payoff (or some higher payoff) of the current game/environment. Additionally, SAwT
generally trembles its aspirations so that the other two initial
aspiration requirements of the S-Algorithm are met as well.
This means that SAwT can be applied to the same large set
of matrix games as the S-Algorithm. Since trembles in aspirations generally cause them to meet the initial aspiration
requirements of the S-Algorithm, SAwT can be made (by
setting the learning rate λ appropriately) to settle with arbitrarily high probability on ε-PE solutions, even in changing
environments.

Guaranteed ε-Pareto Efficiency for Nonzero-Sum
Games
In this section, we provide a theorem that says that SAwT
can be guaranteed to play ε-PE solutions arbitrarily high percentages of the time if parameters λ, φ, and η are set appropriately. In the interest of space, we provide only an outline
of its proof.
Theorem 3. In n-agent, m-action repeated-play games,
there exist values of λ and η such that SAwT (in self play)
will play ε-PE solutions arbitrarily high percentages of the
time.
Proof. (Outline) - A repeated play game with SAwT agents
consists of a series of epochs. Three events occur in an epoch
that divide it into two stages. The search stage begins when
one of the agents in the game trembles its aspirations, proceeds while aspirations are relaxed, and concludes when the
agents settle on a solution. The search stage may include
agents trembling their aspirations before settling on a solution. Again, however, if φ and η are sufficiently small, such
occurrences will generally be rare. The convergence stage
begins when the agents settle on a solution and ends when
one of the agents trembles its aspirations. Let ts denote the
length of the search stage and let tn denote the length of the
convergence stage. Thus, the length of an epoch is tc + ts .
For any repeated-play game, let bε be the percentage of
the time that SAwT agents play ε-PE solutions (in self play).
Since a repeated-play game (if long enough) consists of a
sequence of epochs, bε is the same as the average probability that ε-PE solutions are played over an epoch. Let pc be
the probability that a solution played during the convergence
stage is ε-PE, and let ps be the probability that a solution
played during the search stage is ε-PE. So, we have
bε =

p c tc + p s t s
tc + t s

(9)

where tc is the average length of a convergence stage and ts
is the average length of a search stage. In Theorems 1 and
2 we discussed the probability q that the S-Algorithm (and,
thus, SAwT) settle on ε-PE solutions. The search stage of
SAwT is essentially the S-Algorithm minus the slight possibility of “pre-convergence” trembles so q places a bound
on pc . Additionally, if we assume that no -PE solutions are

played in the search stage, we have ps = 0. We need only
find bounds, then, for tc and ts . We give two lemmas to
place bounds on these variables.
Lemma 4. The average amount of time spent in the convergence stage of an epoch (tc ) has the lower bound
tc ≥

1
,
1 − (1 − η)n

(10)

where n is the number of agents and η is the tremble rate.
Lemma 5. The average amount of time ts that SAwT agents
(in self play) spend playing non-ε-PE solutions in the search
stage of an epoch is (provided that pr 6= 0), in the worst case
matrix game, bounded by


ε
ln h$ −l
mn
$
ts ≤
+
,
(11)
ln λ
pr
where pr is the probability that all agents will play randomly
on a given iteration after aspirations fall below the pareto
boundary.
Plugging all of these bounds into Equation (9) we get the
bound
q
bε ≥
.
(12)
1 + ts [1 − (1 − η)n ]
Observe from Equation (12) that if η = 0, then SAwT
is equivalent to the S-Algorithm and bε = q. Otherwise,
bε < q. Thus, in order for bε to be arbitrarily close to one, q
must be made arbitrarily close to one and bε must be made
arbitrarily close to q. Since there exists a λ that makes q anything between zero and one (see Theorem 2), q can be made
arbitrarily close to one. Since bε approaches q (from below)
as η approaches zero, bε can be made arbitrarily close to q.
Thus, there exists values of λ and η such that SAwT (in self
play) will play ε-PE solutions arbitrarily high percentages of
the time.
Equation (12) gives a pessimistic lower bound on bε for
most games since it deals with worst case games. As an
example, consider the 3-agent, 3-action MASD with ε = 0.5
and q = 0.99 (which defines the learning rate λ). The actual
percentage of time that ε-PE solutions are played is plotted
in Figure 5 against the lower-bound shown in Equation (12).

Fairness
In the previous section we discussed how SAwT can be
made to play ε-PE solutions arbitrarily high percentages of
the time in most nonzero-sum games. In this section, we
briefly discuss how SAwT learns to play “fair” ε-PE solutions, which can be either pure or mixed strategy solutions.
Fairness is based on the notion of fallback positions. An
agent retreats to its fallback position when it is not content
with its payoffs. SAwT’s fallback is to play randomly when
it is not satisfied. Thus, its fallback position (inPself play)
ui (a)
is, in general, approximately the random payoff a∈A
.
mn
However, if one agent has more good payoffs than another,
it has more satisficing options, which means that play is not

Figure 5: Shows the lower bound of bε plotted against actual
empirical results from a 3-agent, 3-action MASD, with ε =
0.5.
exactly random. Since an agent that has more good payoffs
has more power, it should possibly receive higher payoffs.
Essentially, we use the term fair to indicate solutions that
give both agents payoffs determined by their respective bargaining powers, which is largely determined by the strengths
of their fallback positions.
Littman and Stone (2003) use the notion of a fallback to
compute a desirable (PE and fair) solution for the agents to
play. Their technique can be used in two-agent matrix games
in which the entire payoff matrix is known. SAwT learns
to play similar solutions to those computed by Littman and
Stone’s algorithm without knowledge of the payoff matrix
or the actions played by other agents. Additionally, SAwT
learns ε-PE and “fairness” in n-agent (n ≥ 2) games.
As examples, we compare the solutions proposed by
Littman and Stone’s algorithm with the solutions learned by
SAwT in self play in two games: a 2-agent, 4-action MASD
and the battle of the sexes (BotS) game. For both examples,
λ = 0.99 and η = 0.001.
In the 2-agent, 4-action MASD, Littman proposes that the
“fair” result is for each agent to fully cooperate, or give everything to the group. SAwT settles on this solution 86.6%
of the time, settles on two other closely related PE solutions
8.4% of the time, and settles on a non-PE solution 5% of
the time. Thus, in this game, SAwT mostly converges to the
“fair” solution.
The BotS matrix game is shown in Table 3. At the top
of each cell in the table (each cell corresponds to a pure
strategy solution of the game) is the joint payoff. Below the
joint-payoff and to the left is the percent of time that Littman
proposes that a solution be played; to the right is the percent
of time that SAwT settles on the solution. As can be seen,
SAwT settles on each solution the same percentage of time
that Littman and Stone’s algorithm proposes.

Discussion
We have advocated that multiagent learning algorithms (for
repeated play games) should converge to near pareto efficient (and “fair”) solutions. Furthermore, these algorithms
should be able to learn when minimal information about the
environment and the other agents in the game are available
and be able to adapt to non-stationary environments. We
have described a multiagent learning algorithm (SAwT) that

c
d

C
(1, 1)
0|0
(4, 3)
50 | 50

D
(3, 4)
50 | 50
(2, 2)
0|0

Table 3: Payoff matrix and results for the Battle of the Sexes
(BotS) game.
achieves these goals in self play.
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